In this paper, we study the existence of positive periodic solutions to the equation x" = f (t,x). It is proved that such a equation has more than one positive periodic solution when the nonlinearity changes sign. The proof relies on a fixed point theorem in cones.
INTRODUCTION
In this paper, we are concerned with the existence of single and multiple (strictly) positive 1-periodic solutions to the equation 
'(0) = x'(l).
The existence of positive periodic solutions to equation (1.1) has been extensively studied in the literature (see, for example, [1, 2, 3] and the references therein). In these papers, the two most common techniques to establish existence are the theory of upper and lower solutions [4] and topological degree theory [5] . On the other hand, some fixed point theorems in cones for completely continuous operators have been extensively employed in studying the existence of positive solutions to boundary value problems [6] . However, for the periodic problem, a theory using cones has only recently [7] been applied. One of the difficulties involved in discussing the periodic problem is the sign of the Green's functions for the corresponding linear periodic problem. In [7] , Torres succeeded in overcoming this difficulty by using a new Z^-anti-maximum principle and obtained some new existence results for problem (1.1)-(1.2) by a well known fixed point theorem of compression and expansion of cones. x"+a(t)x = 0 with the periodic boundary condition (1.2) . In this section, we assume conditions under which the only solution to equation (2.1)-(1.2) is the trivial one. As a result, the nonhomogeneous problem
has a unique solution given by where F is the Gamma function. Now we present two basic results which were established by Torres in [7] .
REMARK 2.3. Ifp = 1, condition ||a|| p < K(2q) can be weakened to ||a||i < K(oo) = 4 by the celebrated stability criterion of Lyapunov. In case p = 00, condition ||a|| p < K(2q) reads as Halloo < K(2) = n 2 , which is a well known criterion for the anti-maximum principle used in related literature. In this case, ||a|| p < K(2g) can be weakened to a(t) -< n 2 .
In the following, we always denote
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In either case, we have 0 < C T < 1.
In this paper we shall establish the existence of positive periodic solutions to equation (1.1), using the following well known fixed point theorem in cones [8] . 
8) (Tx)(t)= f G(t,s)F(s,x(s))ds
Jo for x € X and £ € [0,1]. It is easy to prove: LEMMA 2 . 6 . T is well defined and maps X into K. Moreover, T is continuous and completely continuous.
M A I N RESULTS
In this section we establish the existence and multiplicity of positive periodic solutions to (1.1). Let A" be a cone defined by (2.7) and define an operator on K by 
G(t, s) [/(*, x o (s)) + o(t)x 0 (s)] ds + A o > / G(t,s)a(s)x o (s)ds +XQ^/J. I G(t,s)a(s)ds +X o = n +X o . Jo Jo
This implies /i ^ /^t + A o , a contradiction. Therefore, (3.3) holds.
On the other hand, by the second inequality of condition (I), we have
Now we prove that (3.4) ||$x|| <||x||, VxGtfndfifi. 
In fact, for any x e K C\ dil R , we have ($x)(t) = / G(«,s)[/(s,x(s))+o(t)x|ds^ / G{t, s)ais)xis) ds
Theorem 3.1 improves the above result since we only need the sign of f(t,x) in (I) and (II).
The following multiplicity result follows immediately from Theorem 3.1.
THEOREM 3 . 3 . Suppose that there exist a e A+ and 0 < r < p < R such that f(t, x) + a{t)x > 0, V i e [or, R).
Then Equation ( Essentially the same reasoning as in the proof of Theorem 3.1 guarantees that (3.5) i # $ i + Xip for V i € K n dSl T and A > 0; (3.6) x^$x + \ip for V i e K n dQ R and A > 0; (3.7) ||$x|| < ||i|| for V i e K Thus we can obtain the existence of two positive solutions x\ and 12 by using Theorem 2.4 and Remark 2.5 once, respectively. It is easy to see that r < ||ii|| < p < ||x 2 || $ R since (3.7) holds. D Next we consider the case of a(t) € A~. Here we only state the results and omit their proofs since they can be proved in a similar way to that of Theorems 3.1 and 3.3. THEOREM 3 . 4 . Suppose that there exist a e A" and 0 < r < R such that
at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0004972700038764 [6] Then Equation ( , where e = max(6(t))/(o(t)). Then for x 6 [cp,p], we have
at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0004972700038764 (3.9) and (3.10) imply that condition (I) of Theorem 3.3 is satisfied, so the existence is guaranteed.
EXAMPLE 3.8. Let us consider the following singular repulsive equation [7] (3.11)
x" --^ + k 2 x = e(t) x A with a > 0, k € (O,TT), A > 0 and e € C[0,ll. Let e* = maxe(t) and e. = min e(t).
Then (i) Equation (3.11) has at least one positive periodic solution for each e(t) with e. ^ 0; and (ii) Equation (3.11) has at least one positive periodic solution for each e(t) with e. < 0 and satisfying the following inequality:
If k e (O.TT), then k e A + and we can obtain the following explicit values (see [7] ) m = --c o t ( -) , M = and <r = c o s ( -) . It is easy to see that our condition (3.12) is weaker than condition (3.15) since at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0004972700038764
